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Sometimes it is convenient or even necessary to consider one-sided limits.

a. Left: x values chosen less than X;:

Limf(x)=L,, ;x,eR;L R

- left >
X—X,
b. Right: x values chosen greater than X ;:

Limf(x)=L_, ;Xx,€R; L

" right >
X—X,
Good News: When and only when L, = L
Lim f(x)=L=L

X—X,

eR

right

right

left:Lright ;XOER;LGR
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Example 01: Analyze Lim\/;

x—0
Solution: Since the domain satisfies X = 0,

Lim+/x = undefined, do not exist, ...

x—0"
and hence

Lim+/x =3 (= undefined, ...)

x—0

However, obviously, Lim\/; =0

x—0"

Example 1:

f(x) = Sqrt(x)
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. X—2
Example 02: Analyze Lim

S 4

. X—=2
Solution: The domain is (—OO, —2) U (2,—!—00) so that Lim————= = A and thus

x—>27 /XZ —4

. X—2 . . .
Lim———— = A . The limit from the right, however, exists:

S 4

x—2 x—2 x’—4
L, = Lim————=Lim Rationalize
sl e e }
2
Lim (x— 22 x’—4
x—2" x —4

= Limx—4 {Factor}

= Converges: "C"

Example 2:
f(x) = (x - 2)/Sqrt(x"2 - 4)
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When a function has both a square root and a non-square root in the formula, we may use
what I call the Radical Trade to evaluate the limit:

RADICAL TRADE:

—a if
\/a_2_|a|_ a ifa<0 \/_2if a<0

0 ifa=0 —a=
+a if a>0 +a? if 2>0

-2
Example 03: Revisit Lim f(x) = Lim———

x—2 x—2 / 4
Solution:

If x<2=x-2<0 but f(x) isundefined
:%llzpf(x):ﬂjlzi?f(x)zﬂ

If x>2=x-2>0 and f(x) isdefined
= Lim f(x) =7

x—>2"

Seta=x-2>0=x-2=4/(x-2)
(a=+a7)

22
Then Lim——— X2 —le+ (X )

x—2" \/Xi_ x—2" \/ﬁ
_ Lim\/(x ~2)(x-2)
-2\ (x+2)(x—2)

= Lim M {Factor}
-2\ (X +2)

=0 Converges: "C"
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Example 2:

f(x) = (x - 2)/Sqrt(x”*2 - 4)

We frequently need these

FUNdamental Facts:

l. 1 =SMALL
BIG

2 _
" SMALL
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/ 1
Example 04: Find L = Limx, (4 + —- if it converges.
x—0 X

Solution: Since X <0 = f(x) <0 & x>0 = f(x) > 0, wisdom dictates that we
calculate one-sided limits and see if they are equal. Note that we encounter another

Indeterminate Form: 0 * (i OO) . Watch how this form is changed to determine the

actual limits:

L,, = Limx, |4+ = = (= 0)* (= +o0)

x—0" X

Nowx<0=x=-Vx’ =

le ‘/4+— —Lim fx 4+—
x—0" x—0"

= —Lim+/4x* +1

x—0"

=L,, =—-1 Converges: "C"
L1131)(J4+L A  Diverges: "D"
X—> X

Also,L .. =Limx 4+L:>( 0)*(£o0)

x—0" X

Now x>0 = x = +/x°> =

Lim(JXT),/4+L2:+Lim /x 4+—
x—0" X x—0"

right

= Lim+/4x’ +1
x—>0"
=L =1 Converges: "C"

The function has a "finite jump" of two (2) units!
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Example 4:

f(x) = x Sqrt(4 + 1/x"2)

mC1 Lim 002c¢ Finite One Sided Limits 2024 09 04a 7  © 2023 MathByWilson.com



. X 0
Example 05: Analyze leu. Note the IF: —
x>0 Y 0

Solution: Again, since X <0 = f(x) <0 & x>0 = f(x) > 0, we calculate one-
—x if x<0
sided limits and compare. Reminder: |X| =< 0ifx=0

+xif x>0

We have x <0 = [x|=—x=

LimH — Lim— = Lim_Tl _L

— . n "
] | ] i =—1 Converges: "C
x—>00 X x—0 X x—0

LimH:Z] Diverges: "D"

x—>0 Y

Also,x>0:>|x|:+x:>

LimH —Lim>* = Lim. =L

I Converges: "C"
x—0" X x—=0" X x—0" ]

right =

This function has a finite jump of two (2) units!

Example §:
f(x) =Abs(x)/x
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3 .
(x+2)  if xe(—0,-3) . ?
, find Lim f(x)=L
x° —11 if x e(-3,+w) x> -3
Solution: Calculating one-sided limits, we have

Example 06: Given f(X) =

Xlilgl f(x)= XLJ_‘? (x+ 2)3 =L,,=-1 Converges: "C"
Lim f(x)= Lim x’—11=L_, =-2 Converges: "C"
Therefore, Ling f(x) = Undefined., ...

Example 6:

fx)=(x+2)"3ifxin (- o, - 3)
=x"2-11 ifxin (-3, + )
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(x+2) if x e(~o0,-3)

x’-10  if xe(-3,+x)

Example 07: Given f,(X) = { , find

L =Lim f (x), if it converges.

x—>-3
Solution: One-sided limits yield

Lim f,(x)=Lim (x+2) =L, =-1 Converges: "C"

x—>-3" x—>-3"
Lim f,(x)= Lim x’-10=L,, =-1 Converges: "C"

Therefore, Lin31 f(x)=-1 Converges: "C"

There is a hole in the graph at (—3,—1)!
Example 7:

fx)=(x+2)"3ifxin (- o, - 3)
=x"2-10 ifxin (-3, + )
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(x+2)  if xe(~o0,-3)
Example 08: Given f,(X) = x*—10 if xe (—3, +OO) , find
f,(-3)=5

L =Lim f,(x) , if it exists (converges).
x—>-3

Solution: We have

3_

Lim f,(x)=Lim (x+2) =L, =-1 Converges: "C"

x—>-3" x—>-3"

: — 13 2 — _ .onem
Lim f,(x)=Lim x"-10=L_, =-1 Converges: "C
x—-3 x—-3

Therefore, Lim f,(x) =—1
x—>-3

There is a hole in the graph at (=3,—1)since 5=1,(-3) =L =-1

Important Conclusion #1: The limit has nothing to do with whether or not the function
is defined at X .

Example 8:
fx)=(x+2)"3ifxin (- o, - 3)
=x"2-10 ifxin (-3, + )
f(-3)=35
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(x+2)  if x&(—0,-3)
Example 09: Given f,(X) = x> —10 if x e (—3,—!—00) , find
f,(-3)=-1

L =Lim f,(x) , if it exists (converges).

x—-3
Solution: We have

Lim f,(x)=Lim (x+2) =L,, =—1 Converges: "C"

x—>-3" x—>-3"

: . 2 _ _ NP alll
Lim f,(x)=Lim x"-10=L,,, =-1 Converges: "C
x—-3 x—-3

Therefore, Lim f,(x) =—1
x—-3

There is a NOT hole in the graph at (—3,—1)since =1 =1f,(-3) =L =-1

Important Conclusion #2: If defined at X, the limit has nothing to do with f(XO) .

Example 9:
fx)=(x+2)M3ifxin (- «, - 3)
=x"2-10 ifxin (-3, + )
f(-3)=-1
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Example 10: Lim +/sinx = 7 diverges {Diverges"D"} since
x—0

Lim v/sinx =3 {x <0} but Lim v/sinx =0

x—0~ x—0"

Example 10:

f(x) = Sqrt(sin(x))
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Example 11: Lim +/cosx =?=1 Converges:"C"

x—0

Example 11:
f(x) = Sqrt(cos(x))
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Example 12: Lim /tanx =?=0 Coverges: "C"

x—0

Example 12:
f (x) = Sqrt(tan(x))
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