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For a rational function r(x) , when X —* o0 dominates and we consider two

(2) of the three (3) cases here:

I n<m=L=Limr(x)=Lim > 1 —0J_1_ _smALL
BIG

X—X, x>xg b x™"
m

We call the line y = 0 a horizontal asymptote of r

2. n=m= L =Lim r(x)=Lim A _

X=X, X=X, bm b

m

a
We call the line y = —— a horizontal asymptote of r

m

3. N > m: Considered later

. . 4x’—6x +2x—1
Example 01: Find Lim — 2 3
x>- 2x° +2x° —3x" +9

Solution:

Attempting to use the Quotient Theorem to determine the limit results is another
indeterminate form:

. 5 3
XILHE: 4x° —-6%x +2x—1 too +oo
- : Z 5 = IF . —
Lim2x’ +2x"-3x"+9 +00 +o0

Recall: An indeterminate form means that we have NOT done the right thing yet. The
right thing to do here is to divide the numeration AND denomination by “x to the highest

power in the rational function”, in this case X . Using the fact that
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L:SMALL
BIG
yields
4 6 2 1
. 4x’—6x +2x-1 . _F—FXT_F
Lim —; 2 3 =11
x—>-0 2> 4+ 2" —3x"+9 x> 2+E_i+2
3 5
X X X

4
=— Converges to 4 =2
2 2

The line y = 2 is called a horizontal asymptote of r(x), as is shown in the graph below:

Example 1:
f(x)=4x25 -6 x23+2x - D2 x5+ 2 x!
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Example 02: Lim e ™ = +o0 ( Diverges to + OO) since we know the graph from

X—>—00

PreCalculus:

Example 2:
f(x) = Exp(-x)

mC1 Lim 005 - Finite Limits At Infinity 2024 09 04a 3 © 2024 MathByWilson



Example 03: Lime ™ =0 (Converges to 0) since we know the graph from

X—>+00

PreCalculus:

Example 3:
f(x) = Exp(-x)

The line y = 0 is called a horizontal asymptote.
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X—>+ 0 X

. . (1
Example 04: Find Lim xsin| — |.

I 1 . (1
Solution: First note that as X >+, ——>0(+) = sin| — —)0(+) . Thus the
X X

{In general: (0(£))*(z oo)}

We now need the substitution form of the FUNdamental Trigonometry Limit:

. (1
product of x and SIn (—J yields an indeterminate form: (+ 00 ) * (O(+)) ;

sinu

Lim =1; Lim =1

u—0 u u—0 sin u

We have

1 1
Setu=—sothatx > +0o=>u—>0;x=—
X u

Thus Lim xsin (lJ ~Lim 2% (Converges to 1)

X—>+00 X u—0 u

The line y =1 is a horizontal asymptote of this function whose graph is shown below:

Example 4:
f(x) = x sin(1/x)
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: 1 :
Example 05: Lim =7 (Dlverges) since there are NO y values for x < 0:
x--— log, X

Example 5:
f(x) = In(3)/In(x)
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Example 06: Find Lim :
X—>+00 10g3 X

Solution: As X —>+00, we know the graph of 10g, X from PreCalculus and hence

1
Lim log, x =+00. Hence, Lim =0 (Converges to 0) noting
X—>+00 X—>+00 10g3 X

1
—— =SMALL ;. The line y = 0 is a horizontal asymptote:
BIG

Example 6:
f(x) = In(3)/In(x)
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, . sSinx
Example 07: Find Lim :

X—>+00 X

Solution: We use the Sandwich (or Squeeze) Theorem:

sinx| [sinx| 1
0< :| |S——>Oasx—>+oo

X X X

. sInx
= Lim =0
X—>+00 X
~sinx . . . sinx , . ,
Since is an even function, LLim = (. The line y = 0 is a horizontal
X X—>+00 X

asymptote:

Example 7:
f(x) = (sin(x))/x
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Example 08: Find Lim e cosx.
X—>—®
Solution:

cosx 1s bounded between —1 & +1 ; cosx has an infinite
number of x-intecept POINTS

Its variable amplitude: e ™ — +00 asx — —©

Therefore Lim ™™ cosx =7 (Diverges)

X—>—o

Example 8:
f(x) = Exp(-x) cos(x)
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Example 09: Find Lim e cosx.

X—>+00

Solution:

cosx 1s bounded between —1 & +1 ; cosx has an infinite
number of x-intecept POINTS

Its variable amplitude: e * —> 0 asx — +o00 =

0< ‘e"‘ cosx‘ < ‘e"“ —>0asx —> +o (SandwichTheorem)

Therefore Lim e™ cosx=0 (Converges to 0)

X—+00

The line y = 0 is a horizontal asymptote as the graph illustrates:

1

Example 9:
f(x) = Exp(x) cos(x)
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Now for the official definition of horizontal asymptote:

Definition: Let f be a function. The horizontal line y =y, (or y =Y,)isa

horizontal asymptote of f if

1. Lim f(x)=y,or

X——®
2. Lim f(x) =y, or both are true.

X—>+ ©

There may be 0, 1, or 2 horizontal asymptotes of f.
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. 4Ax°—6x’+2x -1
Example 10: Find Lim —; 7 > :
x>-0 2x° + 22X —3x°+9

Solution: We have , dividing numerator and denominator by X’ ,

4 6+2 1
5 £o3 _ — 2 45
Lim 4)2 6)f1 +2)§ 1 _ Lim X x' x
o= Ix° + 2% —3x"+9 o 2+%_i+2
3 5

X X X

= 4 (Converges to 4 = 2)
2 2

The line y = 2 is therefore a horizontal asymptote:

Example 10:
f(x) = (4x"5-6 x"3 +2x-1)/2 x5+ 2 x"4 -

J

C4Ax° —-6x +2x -1
Note: Lim - 7 >
x>+ 2% 4+ 2% —3x°+9
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, . 4x -3
Example 11: Find the horizontal asymptotes of f(X) = .
V2x* +5x -3

Solution:
First Limit: x =5 —o0

4x -3
Lim f(x) = Lim
oo e \2x7 +5x -3
.- (4)(—3)2
= Lim
e J2x% +5x -3
2 J—
oL V16X —24x+9

oo 2% +5x -3

\/16x2—24x+9

(4x—3<0:>4x—3:— (4x—3)2)

=—]leLim

X—>—00

2x? +5x -3

16—24+92
- _ : X X
=~leLim 5 3
24———
X X

=—2\2 (Converges) = y= —24/2 is a horizontal asymptote

Note: The “Radical Trade” was used in evaluating the First Limit and we will use it in
the Second Limit too. limit.
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Second Limit: x =5+

4x -3
Lim f(x) = Lim
X+ o+ ([2x? +5x —3
+4/(4x =3)
= Lim ( )
ot Jox? +5x -3
2 —_—
Cfim J16x% —24x +9

e J2x7 +5x -3

\/16x2—24x+9

(4x—3>0:>4x—3: (4x—3)2)

x>+o | 2x° 4+5x—3
16—24+92

=Li X X
o 5 3
24———

X X

=+22 (Converges) =y = +2+/2 is a horizontal asymptote

Example 11:
f(x) = (4x - 3)/Sqrt(2 x*2 +5x-3)

9 3 7 6 5 4 i3 2

S S

y =-2 Sqrt(2) is a Horiz Asy
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| —
Example 12: Find the horizontal asymptotes of f(X)=— 4x° +1.
X

Solution:
First Limit:

Lim f(x) = Lim 1 4x° +1

X—— Xx—>-o Y

2
~ Lim ——“‘3‘{1 (x<o:x:—Jx7)
X—>—00 X

4x* +1

=—]leLim >

X—>—© X

=—10Lim,/4+L2
X—>—00 X

=—2 (Converges) = y = -2 is a horizontal asymptote
Second limit:

Lim f(x) = Lim 1 4x° +1

X—+0© x—>+o Y

2
:Lim—““j{l (x>0:>x:Jx7)
X—>+00 X

= Lim

X—>+® X

= Lim,/4+i2
X—>+00 X

=2 (Converges) = y =2 is a horizontal asymptote

Note: The “Radical Trade” was used in evaluating these limits.
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Example 12:
f(x) =(1/x) *Sqrt(4 x"*2 + 1)
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